In vibration-based piezoelectric energy harvesters, one of the major critical issues is increasing the bandwidth and output voltage simultaneously. This manuscript explores a new technique for broadening the operating frequency range and enhancing the output voltage of the piezoelectric material-based energy harvester by appropriate structural tailoring. The wide bandwidth and the improvement in harvested output are accomplished by means of a multi-stepped cantilever beam shaped with rectangular cavities. The harvester is mathematically modeled and analyzed for modal characteristics. It was demonstrated from the outcome that the first two consecutive mode frequencies could be brought closer and the output power was large at both the resonant frequencies compared to the regular cantilever beam energy harvester. The results obtained from experimentation were in agreement with analytical results.
Introduction
In the last decade, researchers in all disciplines have evoked great interest in harvesting energy from ambient sources, which were otherwise unutilized. Among various sources such as vibration, solar, wind and thermal considered for energy harvesting, the most attractive source is vibration because of its availability in all environments. Vibration can be used to source wireless sensor systems and researchers across the world are working towards its possible use in industrial condition monitoring systems, medical implants, and smart clothing. Most energy harvesters based on vibration are linear generators that generate power efficiently only at their resonant frequency or near their resonant frequency. In practice, the use of linear generators is limited as they are inefficient at harvesting energy from the frequency-varying ambient vibrations. Hence, in recent years, to overcome this limitation, more focus has been given towards designing vibration-based energy harvesters having wider bandwidth and high output.
The techniques to broaden the operating frequency range are reviewed and presented in References [1, 2] . The harvester design presented in Reference [3] widened the bandwidth by appropriately connecting several piezoelectric bimorphs with different resonant frequencies. A special structure having a 'L' shaped beam was presented in Reference [4] featuring the first two natural frequencies that were closer to achieving broadband energy harvesting. In the harvester design reported in Reference [5] , the wide bandwidth was achieved by elastically and electrically coupling two identical beams with adjustable and close resonant frequencies. A novel two-degrees-of-freedom (2DOF) based harvester proposed in Reference [6] provided wider bandwidth compared to the typical Single-degree-of-freedom (SDOF). The harvester design had an outer primary beam and inner cut beam with tip mass. The tip mass was varied to achieve wider bandwidth. The harvester proposed in Reference [7] was designed with a clamped-clamped primary beam bonded with a piezoelectric composite and multiresonant secondary beams attached to one side of the primary beam. The multiresonant response of the secondary beams induced wide band output in the primary beam. The harvester design presented in Reference [8] consisted of a flexible rectangular frame with low Young's modulus in which a series of cantilevers were interdigitally bonded. It provided a multiresonant response and showed a larger bandwidth compared to a conventional cantilever beam. A harvester designed with a dual cantilever with tip mass was reported in Reference [9] in which the resonance frequency was widened by a sliding system having two slanting springs connected to the tip mass. The broadband energy harvester focusing on the dynamic compressive loading was presented in Reference [10] . The flexible slim beam and the applied non-linear axial magnetic force enhanced the output voltage and broadened the bandwidth. A stiffness tunable piezoelectric energy harvester was reported in Reference [11] to achieve high power in the broadband range. Subsequently, the energy harvester with tuning and coupling magnets proposed in Reference [12] could tune the natural frequency to the operating conditions. A new 2D tunable energy harvester based on vibration and featuring transverse and axial stiffness tuning capability was proposed in Reference [13] . The techniques proposed in [14] [15] [16] [17] [18] [19] focused on the increment of the output by shaping different cavities in the structure and splitting the beams of smaller size. Piezoelectric broadband energy harvesters having a propped cantilever beam with variable overhang length as host structure was proposed in References [20] [21] [22] [23] to get high output over a wide range of operating frequencies. The required bandwidth of the harvester was obtained by varying the support position. Two different structural tailoring approaches namely introduction of step section and cavities are employed to improve the magnitude of the harvested output with the change in operational frequency. Harvester design featuring two tapered beams with and without a cavity was proposed in Reference [24] to obtain high output in wideband simultaneously. The first two-mode frequencies were adjacent with improved output in both the modes. The harvester design proposed in Reference [25] used bimorph PZT films on Ni foil in a piezoelectric compliant mechanism to efficiently extract energy from low frequency vibrations. The strategy for enhancing the performance of the harvester using piezoelectric nano composite was presented in Reference [26] . The piezoelectric nanogenerator reported in Reference [27] showed that by properly choosing the shape of the driving force, the generator output could be enhanced. A harvester which utilizes mass tuning method for bandwidth enhancement was reported in Reference [28] . A harvester with an enhanced frequency bandwidth was presented in Reference [29] , which used three bimorphs interconnected by two springs with three end masses. The research problem on energy harvesting for simultaneously achieving broad bandwidth and enhanced output is uncommon. In a harvester that has a normal cantilever beam with uniform dimension, the output is high only in the first mode of vibration. Higher mode frequencies are very far away compared to the first mode and harvesting power in these modes is very difficult.
In this work, to improve the bandwidth and output simultaneously, a new broadband piezoelectric energy harvester designed using a multi-stepped cantilever beam shaped with rectangular cavities is proposed, which is the first research report of its kind. It has adjacent first two-mode frequencies with an enhanced output in both modes. In the regular cantilever beam harvester, the second resonant frequency is about 6.27 times higher than the first mode, whereas in the harvester proposed in this work it is 1.69 times higher than the first mode. This kind of harvester offers higher output both in the first two consecutive modes. This was proven through both an analytical model and an experimental test.
Harvester System Overview
The harvester designed using a multi-stepped cantilever beam with rectangular cavities is shown in Figure 1a . Broad bandwidth and enhancement in the output was achieved by introducing multiple steps and rectangular cavities in the structure. Three piezoelectric patches were attached on the beam and positioned between L 1 and L 2 , L 3 and L 4 and L 6 and L 7 . The piezoelectric patches were fastened to the maximum strain region of the harvesting structure. The harvester was divided into sections I-VIII as shown in Figure 1a . Sections I, III, V, VI and VIII had only a regular beam. Sections II, IV and VIII were composite sections having a regular beam attached with piezoelectric patches. To increase the strain, rectangular cavities in the thickness direction was shaped in sections II and IV. Three piezoelectric patches were connected appropriately to obtain high output. The harvester performance was assessed by a tip exciter [30] .
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Analytical Modeling
The modeling of the harvester was carried out using the Euler Bernoulli beam theory. The harvester was made to vibrate at its natural frequency by applying a point tip force f (x, t) = F sin(ωt)δ(x − L) with angular frequency ω and magnitude F. x representing the position on the beam between the fixed and free end (0 ≤ x ≤ L). The Dirac delta function δ(x − L) was used to model a point force [31] . The electric charge (Q) generated on the surface of the piezoelectric patch 1, 2 and 3 bonded between L 1 and L 2 , L 3 and L 4 and L 6 and L 7 and were found as follows [32] :
where d 31 is the piezoelectric charge coefficient, E p is the Young's modulus of piezoelectric patches, b 2 , b 4 and b 7 are the width of patch 1, 2 and 3, y 2 , y 4 and y 7 are the distance between midpoints of the patches to the neutral axis, w
4 (x, t) and w (r)
7 (x, t) are the rth mode transverse displacement of the beam at sections II, IV and VII.
The transverse displacement w(x, t) of the beam was solved using the method of separation of variables [23] .
where W (r) (x) denotes the spatial mode shape function, T (r) (t) represents the generalized time-dependent coordinate for the rth mode. Substituting Equation (4) into Equations (1)-(3), the charge can be rewritten as follows:
The spatial mode shape function W (r) (x) was solved by using the free undamped vibration governing equation [33] :
where
The free vibration solution of Equation (8) was given by:
where β
i are unknown constants for the rth mode. β (r) i 's of each section can be replaced with a single parameter β (r) .
1 . The flexural rigidity (EI) j and the mass per unit length m j of sections I, III, V, VI and VIII having only beam patch were:
E b , ρ b represents Young's modulus and density of the beam respectively. I j , b j , t j are the moment of inertia, width and thickness of the beam at the aforementioned sections.
Sections II and IV were composite sections having a beam shaped with rectangular cavities and were bonded with piezoelectric patches. The flexural rigidity (EI) k and the mass per unit length (m k ) of sections II and IV are given by:
where E p , ρ p and t p are Young's modulus, density and thickness of the piezoelectric patches. Rectangular cavities of thickness t ck were introduced into the beam of thickness t k . The beam and the piezoelectric patches had equal width (b k ). h ak and h bk was the distance from the top and bottom of the beam to the neutral axis respectively. h ck was the distance from the top of the patch from the neutral axis. h dk and h ek was the distance from the top and the bottom of the cavity to the neutral axis respectively.
Section VII consisted of beam elements bonded with a patch. The flexural rigidity (EI) 7 and the mass per unit length (m 7 ) for section VII was:
The characteristic matrix equations were formed by substituting the boundary and continuity conditions. The boundary conditions at the fixed and free ends were: At
where M t and I t represent the mass and inertia of the tip mass respectively. The continuity conditions at x = L q , where q = 1, 2, ...7 was [22]
Substituting Equations (19)- (23) into Equation (9), the characteristics matrix equation was given by
where K = K(β (r) ) was the characteristic matrix and P was the vector of mode shape coefficients. The values of the unknown constants were obtained by solving the characteristic matrix equation of the harvester.
The generalized time-dependent coordinate T (r) (t) for the rth mode was given by [23] T (r)
where χ z was the modal coupling term [34] :
The voltage v z (t) and current i z (t) generated from the patch 1, 2 and 3 were
represented the capacitance of the piezoelectric patches. l p , t p and ε s 33 represented the length, thickness and permittivity of the piezoelectric patches. The three patches were coupled in series and its electrical equivalent circuit is shown in Figure 2 .
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Let T (r)
z e jωt and v z (t) = V z e jωt , z = 1, 2, 3. The load voltage was computed by solving Equations (29)-(31) and the above equations could be expressed as 1
Substituting the modal response function from Equation (25) into Equation (32), v z (t) is obtained as below 1
where the properties and dimensions are same as given in [22] . The voltage generated for the first two consecutive modes (r = 1, 2) were considered and from Equation (34) it was obtained as
Let v z (t) = V z sin(ωt − φ z ). The magnitude (V z ) and phase (φ z ) of the output voltage were
The load voltage (v r (t)) was given by
where v r (t) = V R sin(ωt − φ), V R was the peak value of the load voltage. The magnitude (V ocz ) and phase (φ ocz ) of the open circuit output voltage (R l → ∞) from patch 1, 2 and 3 were
where v oc (t) = V oc sin(ωt − φ), V oc was the peak value of the open circuit output voltage. The average power P g generated from the energy harvester was given by
was the root mean square value of the voltage across the resistive load. The amplitude of the current through the resistive load was computed as I rms = V rms R l
. The value of load resistance at the inflection point dP g dR l = 0 gave the optimum load resistance.
Simulation Results and Discussions
The harvester performance was assessed using the model derived in Section 3 and shown in Figure 1 . In the proposed harvester, five steps were formed at Tables 1-3 . The change in the first two-mode frequencies with the variation in thickness (t 5 ) and (t 6 ) is shown in Figure 3 . From the result, it was found that the first two-mode frequencies were adjacent with the increase in thickness ratio t 5 /t 1 and decrease in thickness ratio t 6 /t 1 . The mode shape of the proposed harvester, proposed harvester without the cavity and conventional cantilever beam-based energy harvester for the first two consecutive modes are shown in Figure 4 . From the result, it was found that the first two-mode frequencies were adjacent with the increase in thickness ratio t5/t1 and decrease in thickness ratio t6/t1. The mode shape of the proposed harvester, proposed harvester without the cavity and conventional cantilever beam-based energy harvester for the first two consecutive modes are shown in Figure 4 . The output voltage (Voc) from the harvester with no load was computed using Equation (42) given in the modeling section. Figure 5 shows the change in output voltage (Voc), obtained through simulation for the first two modes of vibration. The effectiveness of the proposed harvester's performance was demonstrated by comparing the performance of the harvester having a similar structure without a cavity and also with the regular cantilever-based harvester. The analytical results revealed that in the regular cantilever-based harvester, the output was high only in the first mode of vibration and the second mode frequency was far away from the first mode. The proposed harvester The output voltage (V oc ) from the harvester with no load was computed using Equation (42) given in the modeling section. Figure 5 shows the change in output voltage (V oc ), obtained through simulation for the first two modes of vibration. The effectiveness of the proposed harvester's performance was demonstrated by comparing the performance of the harvester having a similar structure without a cavity and also with the regular cantilever-based harvester. The analytical results revealed that in the regular cantilever-based harvester, the output was high only in the first mode of vibration and the second mode frequency was far away from the first mode. The proposed harvester had adjacent first two-mode frequencies with enhanced output in both the modes. From the simulation results, it was observed that in the proposed harvester, the second mode frequency (ω 2 ) was 1.69 times that of the first mode frequency (ω 2 = 1.69ω 1 ) with a high amplitude in both the modes, whereas in the conventional cantilever-based harvester (ω 2 = 6.27ω 1 ), the second mode output was very low.
had adjacent first two-mode frequencies with enhanced output in both the modes. From the simulation results, it was observed that in the proposed harvester, the second mode frequency   The load voltage and the average power were computed using Equations (39) and (43) respectively. The power (P g ) was differentiated with respect to the load resistance (R l ) to obtain the optimal load resistance. The value of the load resistance at the inflection point where dP g dR l = 0 was the optimal load resistance. Figure 6 shows the change in load voltage, current and power with the change in load resistance obtained through simulation in the first two consecutive mode resonant frequencies of the proposed harvester. The analytical results presented in Figures 7 and 8 showed the similar performance of the proposed harvester without a cavity and conventional cantilever-based harvester. The analytical results revealed that maximum power was generated at the optimal load resistance in both the modes. In the regular cantilever-based harvester, the power harvested in the second mode was very low whereas in the proposed harvester, the generated power was high and almost equal in both the modes. The proposed harvester not only brings the first two-mode frequencies closer but also provides enhanced output in both the modes. In the proposed harvester, one of the broadband energy harvesting techniques that is multimodal energy harvesting was implemented.
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generated at the optimal load resistance in both the modes. In the regular cantilever-based harvester, the power harvested in the second mode was very low whereas in the proposed harvester, the generated power was high and almost equal in both the modes. The proposed harvester not only brings the first two-mode frequencies closer but also provides enhanced output in both the modes. In the proposed harvester, one of the broadband energy harvesting techniques that is multimodal energy harvesting was implemented. (d) Figure 6 . Performance of the proposed harvester with variation in load resistance (analytical) The analytical results for the proposed harvester are summarized in Table 4 and compared with the results of the harvester having similar structure without a cavity and the conventional cantilever-based energy harvester. From the analytical results presented, it was observed that the proposed harvester provided improved performance in bringing the first two-mode frequencies closer with enhanced output in both the modes. 
Experimental Results and Discussion
The harvester with the dimensions given in Tables 1-3 were fabricated and tested. The 2 mm thickness rectangular cavity in the center of the beam was formed by a wire cut EDM tool. To validate the analytical model and results, experimentation was conducted. A photograph of the experimental set up is shown in Figure 9 . The function generator was used to apply the required input to the electromagnetic exciter and the output from the patches were observed using DSO (Agilent DSO1002A). The applied excitation signal had a 10 V peak-to-peak amplitude. The dimensions mentioned above were arrived at by simulation of the structure using COMSOL Multiphysics software.
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Initially the fabricated harvester was tuned to the first resonant frequency and the open circuit output voltage across the series connected piezoelectric patches were observed. Then, the load resistance was connected and the variation in load voltage with the variation in load resistance was measured. The same steps were repeated by making the harvester vibrate in the second mode frequency. The power was computed using Equation (43) for both the modes. Figure 10 Table 5 shows the comparison of the harvester's performance such as resonance frequency, open circuit output voltage, voltage across load resistance and the power obtained through experimentation and analytical modeling. In both the modes, the error computed was less than 5.47%. The results obtained from analytical modeling were in good agreement with experimentation. It was also validated in experimental investigation that the proposed harvester generated higher output wide operating frequency, that is, both in the first and second mode of vibration. Therefore, the energy harvester can be used to power self-sustainable consumer electronics, wireless sensor Table 5 shows the comparison of the harvester's performance such as resonance frequency, open circuit output voltage, voltage across load resistance and the power obtained through experimentation and analytical modeling. In both the modes, the error computed was less than 5.47%. The results obtained from analytical modeling were in good agreement with experimentation. It was also validated in experimental investigation that the proposed harvester generated higher output wide operating frequency, that is, both in the first and second mode of vibration. Therefore, the energy harvester can be used to power self-sustainable consumer electronics, wireless sensor networks, industrial condition monitoring systems, etc. 
Conclusions
Multi-stepped beam based wide operating frequency harvester featuring rectangular cavities was proposed. The results were validated via both computer simulation of the analytical model and experimental investigation. It was shown that in the case of the second mode frequency, the output voltage of the proposed harvester is 1.69 times higher than the first mode of vibration. This results in enhanced power generation of the proposed harvesting structures compared to a conventional cantilever-based energy harvester. By structural tailoring without additional beam or mass, enhanced output in multi modes is achieved. The main benefit of the multi-mode energy harvesting is that, if the dominant frequency of ambient vibration in the environment changes from 20.42 Hz to 34.74 Hz, the proposed harvester will automatically tune to its second mode of vibration (34.74 Hz). In the conventional cantilever with identical first resonant frequency it is not possible, as its second resonant frequency is 6.27 times higher than its first mode and the displacement is very small. The generated voltage from the harvester is more than the conventional harvester, as three piezoelectric patches were attached in the maximum strain region. The harvester has a wide operating frequency range with enhanced output and hence can be used to source consumer electronics, wireless sensor networks and industrial condition monitoring systems etc. The results in terms of resonant frequency and magnitude in both the modes are promising and the next step is to bring the first two frequencies even closer and with more enhanced output. The broadband energy harvester designed with a multi stepped cantilever beam with rectangular cavities can be designed at a micro scale with a conversion and energy storage circuit.
